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BOUNDARY VALUE MAPS, SZEGO MAPS AND
INTERTWINING OPERATORS

L. BARCHINI

ABSTRACT. We consider one series of unitarizable representations, the coho-
mological induced modules Aq(\) with dominant regular infinitesimal charac-
ter. The minimal K-type (7,V) of Aq()\) determines a homogeneous vector
bundle V; — G/K. The derived functor modules can be realized on the
solution space of a first order differential operator D[A on Vr. Barchini, Knapp
and Zierau gave an explicit integral map S from the derived functor module,
realized in the Langlands classification, into the space of smooth sections of
the vector bundle V; — G/K. In this paper we study the asymptotic behav-
ior of elements in the image of S. We obtain a factorization of the standard
intertwining opeartors into the composition of the Szegé map S and a passage
to boundary values.

0. INTRODUCTION

Let G be a linear, connected, semisimple Lie group and let K be a maximal
compact subgroup of G. We assume that rank G = rank K. In this situation the
cohomologically induced representation Aq(A) with dominant regular infinitesimal
character can be realized on solution spaces of invariant differential equations in
G/K. See ([Wo], [B-2]).

The minimal K-type (7,V) of A4()\) determines an homogeneous vector bundle
V; — G/K. Corresponding to certain choices of positive roots, there is defined
a certain homogeneous, first order differential operator D on V,. In [BKZ] and
[B-1] the authors gave an explicit nonzero integral map S from the derived functor
module, realized in the Langlands classification, to the space of smooth sections of
the vector bundle V;, — G/K. The image of S is annihilated by the differential
operator Dy

When the representation under consideration is in the discrete series of G, the
differential operator D coincides with Schmid’s differential operator [S]. In this
case the S-transform was introduced by Knapp and Wallach in [KW].

The realization of irreducible unitary representations in the G/ K-picture gener-
alizes Bargmann’s formulation of holomorphic discrete series of SU(1,1), [Bar]. In
terms of semisimple Lie groups, functions on the circle suggest non-unitary princi-
pal series and holomorphic functions on the disk suggest discrete series representa-
tions. The S-transform in [KW] reduces in limiting cases (limits of discrete series
for SU(1,1)) to the Szegé kernel for the disk. See [K-1]. Thus, we call S a Szegd
map.
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In this paper we study the asymptotic behavior of functions in the image of the
Szeg6 map and use that information to define a “boundary value map” from the
image of § into an appropriate principal series representation of G. We obtain
a factorization of the standard intertwining operator into the composition of the
Szegd map, as in [BKZ] and [B-1], and a passage to boundary values. Sections
6 and 7 contain the main theorems and definitions of the paper. We use known
results on the asymptotic behavior of Eisenstein integrals, and the theory on the
constant term in [HC-1]. The interpretation of these results for specific cases that
correspond to Szegd maps is new.

The Szegé maps, as in [KW], [Bl-1], [BKZ], [B-1], can be regarded as vector
valued versions of the Poisson integrals studied by, among others, Kashiwara et al.
in [KKMOOT]. We observe that in [KKMOOT] the composition of the boundary
value map and the Poisson transform is a standard intertwining operator.

Brian Blank in [Bl-1], [Bl-2], [Bl-3] has studied Szegé maps and boundary value
behavior of limits of discrete series. For groups of real rank one he showed the
boundary value map as a factor of the projection operator given by the Knapp-
Stein intertwining operator. Blank’s treatment of boundary value maps for groups
with real rank greater than one uses deep results of Harish-Chandra.

To describe the main results more precisely, we introduce some notation. Let G
be a linear connected semisimple Lie group with complexification G, let T be a
torus in K, and L be the centralizer of T in G. We denote the Lie algebras of the
Lie groups G, K, T, L by go, %, t0,lo, etc. and their complexification by g, ¢,1,1[,
etc. We write the Cartan decomposition of gg relative to the Cartan involution 6
as go = to @ po. Our #-stable parabolic subalgebra of g is ¢ = [ & u with u the
unipotent radical.

Extend ty to a maximal abelian subspace by of £y. Let A be in b*.

We build, as in [BKZ] and [B-1], a maximal abelian subspace ag of [y N po and
denote by X1 and X the sets of restricted roots for L and G. Let £f and X7, be
the sets of positive restricted roots (in an ordering that will be specified later). We
let pr and pg stand for half the sum of the roots in X7 and XF. In [BKZ] and
[B-1] it was shown that X, can be defined so that py, is X% -dominant.

Define ng to be the sum of the root spaces in g for the positive restricted roots,
g to be Ong, and N and N to be the corresponding analytic subgroups. Put
A = expap and let P = M AN be the canonically associated cuspidal parabolic
subgroup of G.

Under a positivity condition on A, we associate to Aq(A) a non unitary principal
series representation, ind% an(0,pr, 1), where o is a representation in the discrete
series of M. The Szeg6 map is an integral operator that carries ind%AN (0,p1,1)
continuously in G-equivariant fashion into C*°(G/K, V;).

Let At = {a € Ala(loga) > 0, for every & € £f}. We define the boundary
value B of K-finite elements [Sf] in the image of the Szegé map by restricting
them to K/(M N K) x AT and computing the limit

(0.1) lim  af°7PESf(kall).
(a4 —00,P)

When py, is regular and dominant, then the limit (0.1) can be easily computed by
using obsevation (6.4) and Remark 7.2 in this paper combined with standard tech-
niques such as the Dominated Convergence Theorem. The limit provides a “point-
wise boundary value” embedding of the Zuckerman modules into the reducible non
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unitary principal series representations, ind%’;[ an(o,—pr,1). When real rank G =
real rank L, the Boundary Value map is a G-equivariant map.

The case of singular py, is more delicate. Inspired by the study of the asymptotic
expansion near the walls of matrix coefficients of admissible representations, as
presented in [K-3], p. 247, we build a parabolic subgroup P; = M;A; N7 such that
P C P, PANM = MAuy, N, is a cuspidal parabolic subgroup of M; and such
that pr|q, is regular and dominant. The idea is first to redo a certain amount of
the regular case, replacing objects associated to P by objects associated to P; in
order to compute
(0.2) lim  ahy" el "PESf(kanr,ar)

a1 —00,P; 1
for a fixed apr, € Apr,. (When the real ranks are different, we must consider the
limit (0.2) in the L2-sense. See §7.) The second step is to observe that very well
known results on the asymptotic behavior of Eisenstein integrals give information
about the asymptotic expansion of (0.2) relative to PyN M. We define the boundary
value of Sf as the leading terms in the asymptotic expansion of (0.2) relative to
PiNnM.

Many results concerning the topics touched upon here exist in the literature.
Szego kernels associated to discrete series originated in [K-1] and [KW]. Szego ker-
nels associated to limits of discrete series were studied in [Bl-1] and [Bl-2]. Szegd
kernels associated to Aq(A) appear in [BKZ], [B-1] and [B-2]. Casselman has ob-
tained embedding results by means of asymptotic coefficients [C], [M]. Bargmann
established the embedding of Limit of discrete series of SU(1,1). Knapp-Okamoto
[K-O] has constructed for limits of holomorphic discrete series an embedding that
is the exact analogue of the Hardy embedding. Among other contributions to the
topic are [GKST], [Ka], [Ma], [Mi], [Ta].
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1. PRELIMINARIES

Our underlying group G is assumed to be linear, connected, semisimple, with
rank G = rank K. The equal rank assumption will allow us to refer to the results
in [B-2] with no further considerations. We continue with K, 6, L, T, and various
Lie algebras as in the introduction.

Let A = A(g,b) be the roots of g with respect to b. We say that a root is
compact or noncompact according as its root vector lies in € or p, and we write A,
and A, for the set of compact and noncompact roots in A.
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Since bg centralizes tg, by is contained in [y. Thus, we can speak of sets of roots
A, b), A(unt,b), A(unp,b) as well as similar sets for [ and u.

Our choice of a positive system AT (g, b) is so that AT (g, b) = AT([,b) UA(u, b),
with A*(I,b) as in [B-1]. The roots in U are the negative of the roots in u. For any
of these sets of roots, we let §() be half the sum of their members. In particular

(1.1) S(unNe) +o(unp) =68(u).

We choose root vectors E, for the roots in A(g,b), so that the Killing form
satisfies

(1.2) C(Ea, E_o) = 1.

We define H,, to be the member in b dual to a under the Killing form. Then, by
(1.2) it follows that [Ey, F_o] = Ha.

It is important to observe that in [BKZ] and [B-1] the positive system AT ([, b),
was given along with a compatible sequence ay,as ... a; of roots in A, (I, 6). Thus,
our choice of A™ carries with it a choice of a maximal abelian subspace ag of pg and
a sequence of strongly orthogonal roots aq, ... ,a; used in defining ag. In terms of
these roots we can define, as in [BKZ], a Cayley transform ¢ and construct a new
f-stable Cartan subalgebra ho = go N c(b). The subalgebra hg is in [y since ¢ is in
AdL€. (See [BKZ].) Under the definition (c3)(H) = B(c™'H); c carries A(g, b) to
cA = A(g,h). For g € A(g,b) we write Xg = c(Eg). The reader should be warned
that Xz is a root vector for the root ¢ € A(g, h).

Let

1
by = R(iH,;) C b,
(13) 0 ; (iHa,) C bo
b, = orthocomplement of by in by.

We denote by mg the orthocomplement of ay in the centralizer of ag in gg. The
subalgebra b, is a compact Cartan subalgebra of mg. If A~ = {3 € A(g,b) : Bls =
0}, then the root system decomposition of m is

(1.4) m=b"® Y CXp.

pseA_
Each vector Xg with 8 € A_ is either in £ or p, and we call ¢8 compact or non-
compact accordingly. We define AT (m,b) = {cf8:8€ A_NA*(g,b)}.

We choose a positive system (cA)T for cA = A(g, b) different from the image
of AT under c. Namely, we list Hy,, ... H,, as an ordered orthogonal basis of iby,.
We use this basis in lexicographic fashion to determine positivity for members of
cA that do not vanish on a. (Namely, ¢4 € (cA)T if 8(Ha,) > 0 or 3(Hy,) =0
and ((Ha,) > 0, etc.) For roots supported in b~ we say that ¢ € (cA)* if
B € AT (g,b). We can consistently define positive restricted roots by saying that
cflqa > 0if ¢f]q # 0 and ¢ € (cA)™T.

We keep the notation in the introduction for various sets of restricted roots and
positive restricted roots.

It is crucial to observe that the sequence of roots ag,...,q; can be chosen so
that py, is dominant for G. (See [BKZ, §12] and [B-1].)

We can associate a parabolic subgroup to our Cartan subalgebra h. Let ng, ng,
N, N and A be as in the introduction. Let M° be the analytic subgroup with Lie
algebra mg. Write M = Zg (a)M° . Observe that b~ is a maximal abelian subspace
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of ENmg and B~ = exp b~ is a maximal torus in K N M". The parabolic subgroup
P = MAN is cuspidal.

Let M# = M%Zy; be the product of the identity component and the center of
M. Lemma 12.30 in [K-3] shows that

(1.4) M#* = M°F(B™),

where F(B7) is the finite abelian group in the center of M. In particular F(B~)N
M? is central in M°. Consequently we have
(1.5) F(B)NM°=F(B~)nB".

It is important to note that the parabolic P = M AN has A contained in L. Thus,
LNMAN = (LNM)A(LNN) is a minimal parabolic subgroup of L. Furthermore,
it is not difficult to see that ([B-1, (4.1)])

F(B™)C LNK.

Remark 1.1. If aq, ... , o denotes the strongly orthogonal sequence of non-compact
roots used in defining ag, then ca; € A(g,a ® b~) and cay|p- = 0. Moreover,
% = 2 # +1. Thus, cay|q are useful odd roots in the sense of [K-3, Chap.

XIV]. By [K-3, Th. 14:39], wo = Sca; - - - Sca, i an element of the Weyl group
W(G : A). Moreover, by [K-3, Th. 14:46] wy admits a representative p in K. For
such a p, Ad(p) acts as the identity on my. Hence, wg € W(G : A) is so that
wo(pr) = —pr and wy “acts” as the identity on my.

2. PRINCIPAL SERIES PARAMETERS
When the dominance condition

(A\,a) 20 for all « € AT

on A is satisfied, we associate to the Zuckerman module A4()) a principal series
representation, according to the Langlands classification. The construction is done
in detail in [B-1].

Let P = M AN be the Langlands decomposition of the cuspidal parabolic sub-
group introduced in §1. Put ¥ = AT (g,h)NA~, and let D(¥, \) denote the discrete
series of M? with Blattner parameter A + 26(uNp)|,- and infinitesimal character
A+26(unp) + 6 (T) — 6,().

Next we define a representation in the discrete series of M# = M°F(B~) that
agrees with D(¥, \) on M°. To do so it is enough to define a character x on F(B™)
compatible with the action of D(¥, A) on F(B~)NB~. Thus, D(¥, \) ® x is a well
defined representation of M#.

Since A + 26(uNp) is integral, A + 26(uNp) is the differential of a well defined
character £ asunp) of B. We define x on F'(B~) by means of

(2.1) x(z) = §A+26(ump)(uzu_l)

where ¢ = Adu is the Cayley transform in §1.
We take the representation o, in the discrete series of M, to be

(2.2) o =ind}1. (D(¥,\) ® x).

We call x the central character of o.
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We use the a’-parameter pr and the discrete series representation o to form
the principal series representation ind$; 45 (0, pr,1). This is the representation in
which G acts by the left regular representation on the space

(2.3) {f:G — V7| f(zman) = a™** =g (m) ™" f(z)}

where V7 is the space where o acts. (U(P, o, p1)(9)f(x) = f(g~'x).)

We apply double induction formulas to show that our principal series represen-
tation is of the form
(2.4) indfj# an (D(¥, ) @ X, pz, 1).
Let (Vy, Ty) be an irreducible K-representation with highest weight x = A+26(unyp)
and highest weight vector ¢.

Lemma 2.1. The cyclic span of ¢ in V, under K N M#, f/X, is irreducible under
K N M#. Namely,

(a) ¢ is a highest weight vector under m N, with highest weight A+ 26(uNp)|e-

and,
(b) C¢ is a one dimensional space stable under the action of LNK (which contains
F(B7)).
Proof. See [BKZ], Prop. 3.1. |

The discrete series representation D(W¥, A) ® x can be obtained as solution spaces
of differential operators acting on C°(M# /K N M#,V,,). Indeed, following [KW]
we can identify the discrete series representation (¢, \)®x with the representation
of M# acting on a subspace J,(4 of the kernel of Schmid’s differential operator
DM# .

Lemma 2.2. If wy is as in Remark 1.1, then the representations o and woo are
equivalent.

Proof. Let p denote the representative of wy in K. The discrete series wyo is defined
as woo(m) = o(p~'mp). The central character of woo is wox. (Note that wpx is
well defined since the action of W(G : A) on the center of M is well defined.) In
Remark 1.1, we observed that Ad p acts as the identity on mg. Thus, weD(1, A) is
equivalent to D(1, \) as an MO-representation. In view of Proposition 4.9 in [K-3],
we need to show that wgyx = x in order to prove the lemma.

By Lemma 2.1 (b), x is the parameter of the one dimensional representation of
F(B™) acting on C¢. The group F(B~) is spanned by the elements g = exp 2?;(2[’
where 8 runs through the restricted roots and where hg is the member of a dual to
3. For vg € F(B~) we have

(2.5) T(v8)¢ = c¢.

Thus, it is enough to identify the scalar ¢ in equation (2.5). Let {a1,... , o} be the
sequence of strongly orthogonal roots introduced in §1. Write hq, = Adu;}Haj.
We can expand

<ﬁ,COéi>
hB:Z lca;|? e

then can copy the argument in ([KW], page 344) to show that ¢ is given by (—1)

2<A+2|60(:|r;p)’°‘j> . <5‘,§|042j>’ with the sum extended over those j

raised to the power >
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for which 2&—30‘@ is even. Thus,

(26)  x(16) = Exsanuom) (v3) = exp | in 3 DT 2UOP)05) 20, cay)

On the other hand,

A+26(unp), o) 2(B,coy)

(SeanX)(r8) =exp | 3 i

(2.7) oy hE o, 2
X exp <_Z-7T (At 26(unp), o) 2<ﬂ,cak>> |
k] |ax]?

The sum on the right hand side of (2.7) runs over the j so that 2%6047;\(12”

(2.6) and (2.7), we have

is even. By
(SearX)(v8) = X (78)-

3. KNAPP-STEIN INTERTWINING OPERATORS

To facilitate exposition and for the convenience of the reader we include in this
section some standard results on intertwining operators . References for this section
are [K-2], [KS], [KZ], [K-3] and [W-1].

Let ind$; 4 (7, v, 1) be a principal series representation induced from a tempered
M-representation . Let w € W(G : A) be so that wy = —7, [wr] = [7] and w? = I.

Since wr is equivalent to mr, it is possible to define m(w) as an operator on V; in
exactly two ways [K-2, page 546]. m(w) is a multiple of an operator exhibiting wm
and 7 as unitarily equivalent.

Lemma 3.1. Let v € a) be such that Re(v,a) > 0 for all a € X%, and let  be a

tempered representation of M. If f is a K-finite function in ind%AN (m,v,1) and
¥ is an M N K-finite vector in V., then

w(w) [ (fapn), v)an < o
N

forallz € G.

Proof. See [K-2, §7] or [W-1, 5.3.1]. |

Remark 3.2. When P is a minimal parabolic subgroup of G and v is so that

Re(v,a) > 0, for all o € T, the integral

/N f(zpn)dn

converges uniformly for every continuous function in ind$; 4 v (7, v, 1).
We retain the above assumptions on 7 and v.

Lemma 3.3. If f is a K-finite vector in ind%AN (m,v, 1), then there exists a finite
dimensional subset V(f) in Vi fnise such that

/, (f (zpn), ¥y, di = 0
N

for all ¥ € Vijn ke finise 0rthogonal to V(f).
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Proof. See [W-1, 5.3.2]. O
Lemma 3.4. There exists a (g, K)-intertwining operator w(w)A(w,w,v) from

ind$; 4 n (7,1, 1) to ind$; 4y (7, =7, 1) so that for each K-finite function f, k € K
and 77[] € VI\CIOK—ﬁnitc

(m(w) A(w, 7w, 0) (k). )y = = / (e (w) £ (kpn), ) v, d.

N
Proof. See [K-2, §7], [W-1, 5.3.3]. |

Let m be an irreducible tempered representation of M. If P, = MAN; and
P, = M AN are two parabolic subgroups of G, then we consider

(33) A(PQ,Pl,TF,I/)f = [ f(kﬁ)dﬁ
N1NN2

It is possible to show ([W-2, §10], page 13) existence of a constant ¢, such that
whenever (Rev,a) = ¢, for every a with g, € ny N g, then the integral (3.3)
converges uniformly.

Lemma 3.5. There exists a function n(P, P,7,v), meromorphic in v € a, such
that

A(P, P,7,v)A(P, P,m,v) =n(P,P,mv)l
whenever the left hand side is defined.
Proof. See [K-2, §XIV] and [W-2, 10.5.4]. |

Remark 3.6. For a definition of the function n(P, P, T, v) see [K-2, §XIV, Proposi-
tion 14.13] or [W-2, 10.5.7]. If s € W(G : A) and k € K is a representative of s,
then n(P, P, km,sv) = n(P, P,7,v). (See [W-2, page 45].)

Following Knapp in [K-2, §14], we define complex valued functions (P, P, T, v)
meromorphic on a’ so that
(3.4) v(P, P,m,v)y(P, P,mt,v) = n(P,P,,v).
Normalized intertwining operators can be defined by means of
(3.5) A(P,P,7,v) =~(P,P,m,v) Y A(P, P, m,v),
Ap(w,m,v) =~y(w ' Pw, P,m,v) ' Ap(w, T, v).

Lemma 3.7. The operators A(P, P,7,v) and Ap(w,,v) extend meromorphically
as functions of v. They have no pole at v when Rev = 0.

Proof. See [K-2|, Prop. 14.20 and Prop. 14.21. O

4. SZEGO KERNELS

The Szegd map S is an integral operator that carries the representation
ind$,4 4 n ([D(T, \) @ €], pr,, 1) continuously in G-equivariant fashion into the space
of smooth V,-valued sections over G/K. Under the identification mentioned after
Lemma 2.1 in §2, the principal series representation is the representation on which
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G acts by the left translation on the space
COO(Ga []D)(\Ijv )\) ® g]v PL, 1)
= {f € C™(G, J5+)| with transformation law under M°F(B~)AN}

with J3» C Ker(Dy#). Elements of the latter space give rise to elements of
ind% 14 an (Fxs pr, 1) by means of the map g — g#, where g#(x) = g(x)(1).
Theorem 4.1. The operator S given by

(SF)(x) = /K (k) F# (k) dk

carries md$y 4 n (0, pr, 1) continuously in G-equivariant fashion into C™(G/K, V).
The representation of (g, K) acting on the space of K -finite vectors in the image of
S is infinitesimally equivalent to the Zuckerman module Aq(N).

Proof. See [BKZ], [B-1], [B-2], [Wo]. |

Remark 4.2. In [Wo], Wong showed (under a positivity condition on A) that certain
Dolbeault cohomology spaces H*(G/L, Cf) are admissible Fréchet G-modules of
finite length. Moreover, these cohomology modules are the maximal globalization
of the Aq(N).

In [BKZ] and [B-1], the authors constructed an explicit integral operator P
(a kind of Penrose transform) carrying the space of Dolbeault cohomology in G-
equivariant fashion into the space of smooth V;-valued smooth sections on G/K.
Thus, Image P admits a natural Fréchet topology and in this topology can be
regarded as the maximal globalization of Aq ().

In [B-2], the author identifies a special subspace in the image of P. This is the
subspace of sections that are in the image of the Szegd map S. The action of (g, K)
on the space of K-finite vectors in the image of S is infinitesimally equivalent to
Aq(N). In particular, the image of S is an admissible module of finite length.

The (g, K) module A4(\) is infinitesimally equivalent to the Langlands quotient
of the principal series representation ind$; 4 5 (o, pz, 1) introduced in §2. The Lang-
lands classification is usually phrased a little differently, however. Define, as in
[vz],

7Z ={a aroot of a € g|{pr,a) =0},
A = m ker a C A,

ac”Z
M;A; = Langlands decomposition of the centralizer of A in G ,

v = pL|a1'

We notice that P N My = M Ap, Ny, is a cuspidal parabolic subgroup of Mj.
(When real rank G = real rank L, P N M; is a minimal parabolic subgroup of Mj.
In general, P N M; contains a minimal parabolic subgroup of M;.) Define

Moy = ind%ﬁMl (0,0,1).
Since {(pr,a) > 0 for all roots a of a in n, there is a unique parabolic subgroup of
G having Levi factor M7 A; and containing P. We write

(43) P cC P, =M AN
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By induction in stages,

(4.4) ind]?/[AN(Uv pL,1) = ind]?/llAlNl (indyrlli (0,0,1), prlas, 1)
The isomorphism (4.4) is implemented by the map

(4.5) f—F, F(z)(m)= f(zm).

By the choice of P, {pr,«) > 0 for all roots a of a; in ny. Since 7 is unitarily
induced from a discrete series, it is tempered. It can be shown that 7 is irreducible.
Therefore, ind%}lAlN1 (7, pL]ay, 1) is the kind of representation considered in [BW],
and it has a unique Langlands quotient, A4 (\).

We identify the principal series representations in (4.4) with

. . . MF
ind$4 4n (DWW, N) @ €, pp, 1) = mdAGﬁAlNl (indy b o (D, A) ®€,0,1), prfa;, ).

Here Ml# = M{Fy, where F} is the finite abelian group generated by elements
vs = exp(im|B|72Hg) with 8 a root in A(g,a; & aps, @ b~) vanishing on a; & b~.
It follows readily from its definition that Fy C F(B~) C LN K. (Compare with
[BKZ, §3].)

Lemma 4.3. Let (Vy, 1) be an irreducible K-representation with highest weight

A+26(unp) and highest weight vector ¢. The cyclic span of ¢ in V,, under KﬁMl#,

(Vi,73), is irreducible under K N Ml#

Proof . Since F1 C LN K, we can copy the proof of Lemma 3.1. O
Since the representation 7, ¢ is irreducible, we have

Lemma 4.4. The Szego map

8 imdyll L (0,0,1) — C=(MF /(K 0 ME), 7))
given by
(46) Sgm) = [ rh®lglmb)(1)]dk
KNM?

is an Ml# -equivariant isomorphism onto its image.

We observe that K N M# admits an invariant Haar measure, and the integral
(4.6) is well defined. We denote by J ]@#the image of S. Define a G-equivariant
1

operator Sy : indfﬁAlNl (Jxl#,pﬂal, 1) — C>*(G/K,V,) by means of

M
(@.7) SiH(z) = / (R H@R)(D))dk for z € G.
K
Remark 4.5. If f € ind$4 ,n (D4, \) ® €, pr, 1), then the function H given by
H(@)m) = | e O

[ RoE@em )
KNM;j
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for z € G and m € M}, lives in ind%}#AlNl (Jj\);#,pﬂal, 1), and
1

SiH(z) = /K (k) /K RO k(D)

_ / / (D) [f (ki) (1] dldk
K JKnM?

- /K () f (k) ()] dk
— 5f(x)

5. IRREDUCIBLE TEMPERED REPRESENTATIONS

In this section we recall several results of Harish-Chandra concerning the har-
monic analysis of real reductive groups . The principal references for this section are
[HC-1], [HC-2] and §12 in [W-2]. We have attempted to keep our notation in accor-
dance with that of [W-2] insofar as that was possible. We include a special version of
those theorems related to the study of the asymptotic behavior of K NM;-finite ma-
trix coefficients of the irreducible tempered representation 7, ;, = ind%im ployiv, 1)
with v € ay,.

To each K N M;-finite vector w in ind%imp(a, iv, 1) we associate a K N M;-finite
continuous linear functional on the space of smooth vectors in the principal series
by means of

(5.1) Aw (T (9)v) = /KmM (To,iv (g)v(m), w(m))y, dm.

Here v stands for a smooth vector in the space of realization of the induced repre-
sentation. Since the representation 7, ;, is tempered, then we have

(5.2) [ A (T, (9)0) | = Cop v =y (9),

where Zj7, denotes the Harish-Chandra spherical function for M.

Let Af, = {a € Ap,la(loga) > 0 for all £}, -dominant roots o}, and let
A, (M7) denote the span of smooth functions on M; satisfying the conditions in
[W-2, page 147].

Ifae A]TJI and m € My, then we denote by @ pras, (4, Ay, Te,i (M)v) the leading
term in the asymptotic expansion of Ay, (7, i, (am)v). (See [W-1, §4] and [W-2, §12,
page 145].)

Proposition 5.1.

(1) (I)pli S Aw(Ml)

(2) hmaMl—N)o,PﬂM1 Ha/JJ\Z1 )‘w(ﬂo,iv(aMlm)v) - (I)PﬂMl (aM17)\'LU7 WU,iv(m)v)” =0.
(3) ®pangy (- -, -) 18 the unique function in A, (M) satisfying (2).

(4) @pan, (am, ;s A To i (M)V) is continuous on v and v and real analytic in (a,v).

Proof. See [HC-1, §21] and [W-2, 12.3.5]. (lima,, —co,pnas, means that loga tends

to infinity in aj\%l in such a way that every positive root, applied to loga, tends to

infinity.) O
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The leading term @ paas, (@, A, Tp,i (M)v) can be related to standard intertwining
operators. Indeed, if W(M; : A1) = Ninan, (Ann )/ Zican, (An ), then

(5.3) oprnm, (a, A, Mg i (M)V) = Z cs(m)ais”
SEW(M1 ,A}ul)

provided v € aj is regular.
We set

(54) q)PﬂM1,S()\7 To,iv (m)v) = Cs(m)'
See [W-2], page 159.

Proposition 5.2. If v € af, is reqular, then A(PN My, PN M, 0,.) is holomorphic
at iv and

(I)pthl()\w, Wg)iu(m)v) = ’y};r}]Ml <A(15 N My, PN Mo, iV)ﬂ'U)i,, (m)v(l), ’LU(].)>V0
with ypay, = le a(ny) ™ 2PM1 dny .
Proof. See [W-2, 12.5.3] O

Let s € W(Mj, A1), and let k € K N M; be a representative of s.

Proposition 5.3. With the notation just introduced, if v € ajy is regqular, then

Doy ,s(Aw, To, i (M)V) = ’YErlanﬁ_l(P N My, kPk™' 0 My, ko, isv)
x (A(P N My, PN M, ko,isv)A(P N My, kPk™' 0 My, ko,isv)v(k™1),
x A(kP N Mik™', PN My, ko, isv)w(k™)y, .

o

Proof. See [W-2, page 163]. O

Remark 5.4. The functions y~'(P N My, PN My, o0, )@ pamy,s(Aw, To,iv (M)V) are
holomorphic in v € aj. Moreover,

» _}lgnpli aﬁxl v~ HP N My, PN My, 0,iv) Ay (T00(mans )v)
1 =00,

exists and is given by

Z Ppnty,s(Aws To,0(m)v)y ™ (PN My, PN M, 0,0).
SEW(M17A]\/[1)

6. BOUNDARY VALUE MAPS: THE CASE REAL RANK G = REAL RANK L

In this section we study the asymptotic behavior of elements in the image of the
Szeg6 map and use this information to define a boundary value map. Throughout
this section we shall assume that real rank G = real rank L. This assumption
implies that the parabolic subgroup P = M AN introduced in §2 is minimal. In
particular M is compact.

Let A* = {a € Ala(loga) > 0 for all 3 -dominant a}. As a motivation we
observe that A™ is an open subset of the set of regular elements A’ of G. KA'K is
an open dense submanifold of G and the map (kM,a) — kaK defines an analytic
isomorphism of K/M x At onto KA’K/K which is an open dense submanifold of
G/K.



BOUNDARY VALUE MAPS, SZEGO MAPS AND INTERTWINING OPERATORS 1889

Let B1,...,0; be the simple roots of Zg and let hg,,...,hg, be the dual basis
in a. For any a € A%, we define y;(a) = e=%(°84) 1 <4 <. The map

AT — (0,1),
(6.1) a—y(a) = (y1(a),... ,y(a))

is an analytic isomorphism. Let Q = K/M x (—1,1)" and let Q, = K/M x (0,1)".
Then, K/M x AT is analytically isomorphic to Q,. We think of K/M x A" as
a cone or “wedge” in Q with “edge” K/M x {0}. We will refer to K/M as the
“Martin boundary”of G/K. In view of this observation it is natural to define the
boundary value of Sf in the image of S by means of
(6.2) a+1iri10,PaiG PESf(kay)
provided the limit exists. Here lim,, oo, p means log(a) tends to infinity in a™ in
such a way that every positive root, applied to log(a), tends to infinity.

When py, is regular dominant, the domain of the Szegé map consists of smooth
vectors in the induced representation ind$, 4 (0, pr,1).

If wyg = TSea; € W(G : A) and p € K is a representative, then the intertwining
map

T(wo) :Voe — V,,

1

v — Py[r(wo) ™ ],

where P, denotes the projection from V. to V,, exhibits the representations o and
woo of M as unitarily equivalent. We define

(6.3) o(wp) = T (wp).

Elements in the image of S are smooth sections of the vector bundle V; — G/K.

Thus, P,[Sf(kayp)] = P, [r(p~)Sf(kai)] = o(wo)Sf(kay). On the other hand,

wg =1 and wy acts by —I on a. Hence,

(6.4) P,[Sf(kay)] = o(wo)Sf (kpal').
It is formula (6.4) together with standard results that allow us to prove

Lemma 6.1. If pr is in the open restricted positive Weyl chamber, then

(6.5) lim af977" P,[Sf(kay)] = o(wo)A(wo, pr,0) f(k).

a4 —o0,P
The limit (6.5) converges pointwise and uniformly for k € K.

When py, is singular, the analysis in Lemma 6.1 runs into difficulties. To avoid
such difficulties we build a parabolic subgroup P, = M1A;N; with P C P as
in §4. If ap, € Aj\% and a; € Af, then ap,a; € A'. The idea is first to fix
ay, € A;\F/Il and to redo a certain amount of Lemma 6.1, replacing objects associated
to M AN by objects associated to P, = M;A;N;. Indeed, by Remark 4.5, to
f e ind§an(0,pr, 1) we can associate a function H € indI\G/[i‘;ﬁAlN1 (Tat,5 Plays 1) so
that

Sf(x) = SiH(z) = / () H (k) (1]

K
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and
Py [Sf(kay)] = o(wo)Sf(kar,pait)

= o(wp) /K (1) [ (kans, pay 1) (1)]dL.

We refer to Remark 4.5 for the definition of the function H.

We have three decompositions, G = KM;A1N,, G = KAN and M; =
(MiNK)Ap;, Ny, - Welet Hy, H, Hyy, be the respective H-functions and p1, pg, par,
be the respective p-functions. Some relations among these are

PG = P1+ PMys
H=H, + Hy,,
pc — pr(Hi(z)) = pr — pr(Hi(2)),
pa = pr(Huy) = pr — pr(Hi(2)) + par, (Har, (x)),  since p1 — pr.(Ha, (2)) = 0.
For each x € G, we write z = k(z)u1(x)ar(x)ng(z) with (k, p1,a1,m1) € K X

exp(my Np) x Ay x Ny.
An argument similar to the one in the proof of Lemma 6.1 gives us

Lemma 6.2. With the notation just introduced,
lim afl)l_pleH(kaMlpal_l) = [A(pla Plv To,0, pL|a1)H](kaM1p)(1)'

a1 —00,P;
The limit converges pointwise for k € K and apr, € ALI.

In order to define the boundary value of an element in the image of the Szegd
map, in the p; singular case, we shall introduce deformations S, and S; ¢ of our
Szegd maps. Following the work of others, for example the work of Kashiwara et
al. in [KKMOOT], we shall define the bounday value of Sf to be the leading terms
in the asymptotic expansion of

alggol P U/JJ\Zl alljl _pLU(WO)SefE (kaM1pa1)

relative to P N My, as ¢ — 0.
The results summarized in §5 will give us the desired leading term.

Proof of Lemma 6.1. We have
SHpas") = [ Tsastunn) O Gpa .
We make the change of variables that passes from K to N x M, and observe that
f(kpa;'n) = e=rr=rcH() f(kpa'k(n)), to obtain
Sf(kall') = afotrr /

e_”G+pLH(ﬁ)T(ﬁ(ﬁ)f(kpallﬁaJr)dﬁ

N

:a’j_GerL det(Ad(a_T_l)|ﬁ)_l/ e—pctpLH(aynal') ;—pc—prH(n)
N

x 7(k(asnayt)) f(kpr(n))di.
On the other hand, det(Ad(a}'[s)! = aerpG. Thus,
(6.6)
SFkpay!) = a7 s [ emra o e b M) 0 )) ()

N
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where 7%+ = a;na; ' and dn is normalized so that Ix e~2rcH(M)ap = 1. By (6.6),
we have
(6.7)

lim - a? Pt Py (S f(kay))

ay—00,

— lim () / e—PetpL HG™) =06 =pL H(R) 1 (1(794 ) f (kpr(7)) dF.
N

ay—o00,P
We use the dominated convergence theorem to show that the limit and integral

in (6.7) can be interchanged. In fact, since f is a continuous function on K the
integrand is (6.7) is dominated above by

||e=Pe—PLH(M) o =patp H™0) 1 (1o (7)) f (kpr (i) |

(6'8) < Ce—PL—PGH(ﬁ)e_pG+pLH(ﬁa+)'

On the other hand, 7% € N, and the real parameter pg — pr, is Eg-dominant.
Thus, the right hand side of (6.8) is bounded above by e(=rr—ra)(H(1R),

Since we have assumed that pr is in the open positive restricted Weyl cham-
ber and since our the parabolic subgroup P = M AN is minimal, the function
e~Pa—PLH(M) jg integrable. (See for example [K-3, Lemma 7.23].) O

It is immediate to check that for each fixed x € G, the pointwise limit

(a+1_i}£lo) afe S f(vay)
exists, and it is given by o(wo)A(wo, pr,o)f(x). Thus, we can reinterpret the
boundary value map as a G-equivariant embedding of the image of S into the
principal series representation ind$; 4 (o, —pz,1). In other words, the diagram of
G-equivariant maps

ind§yuy (0, pr, 1) T, 306 (0, p1,1)

N e
Im(S) € C%(G/K, Vy)

commutes. Since Image § is irreducible, then B is an injective map.

Proof of Lemma 6.2. We make the change of variables that passes from K to N; x
(M; N K), and observe that
H(kanr,pay 'nn)(1) = e Pr =P D) B (kapy, pag w(in)) (i (n)),

in order to show that
SlH(kaMlpal_l)

=g [P ) (H (haas pa ra) o ) ).

N
By a change of variables we have

lim  a; """t S H(kan, payt)
a1—0o0,P;

(69) — lim e_pl""pLHl(ﬁLlll)e_Pl_PLHl('ﬁl)
a1 —00,P; Ny

x (" ){H (kan, (i) (pa () pa (R5") ™) i
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where 1% = a1m al_l. The limit (6.9) is computed by means of standard tech-

niques. For example see Wallach’s exposition on a result of Langlands in [W-1,
5.3.4]. For the benefit of the non-experts, we briefly indicate how to proceed.
By Remark 4.5 in §4,

H (kayr, pr(fn)) (pa (Rin ) (7))

:/ " T (M){F (kanr pr(nn)) (pa (7)) (A7) ~'m) Yy
KnM]

#
where F' is a function in indizl#AlNl (indf%M# (0,0,1), pr]as,1). Moreover, if {¢;}
1

is an orthonormal basis for V,, then
H (kans,pr(na))(pa () pa (] ™)

(6.10) :ZAHM#<F(kaM1pKJ(7TL1)(‘u1(ﬁl)'ul(ﬁtlll)—1m),Ti(m_l)¢i>dm1 Gi-

Define ¢;(m) = 7. (m~")¢; for m € Ml# NK. The functions 1; give rise to Mf&ﬁK—

finite vectors in 7, . Thus, we can rewrite (6.10) as

H (kayr, pr(an)) (pa (fin ) (7))
= Z (mo.0(pa (P1) pa (771) = )i, F(kans, pr(nn))(-)) i

K2

The representation 7, is tempered, so by (5.1) we conclude that

(6.11)  [|H(kans,pr(barny)(pa (fn)ps (7)™ £ CEny, (1 (1) pa (A5) 7).

Thus, the integral on the right hand side of (6.9) is bounded above by

(6.12) / emprtpe i) =t pn VO 2y (g (7 ) () )iy
N

Since pr|q, is in the positive restricted Weyl chamber, the integral (6.12) converges
uniformly for a; € Af. See [HC-1, page 49], [L, Lemma 3.12]. Hence, we can
interchange limit and integration in (6.9). O

Corollary 6.3. Let [ be a vector in ind$4 4n (0, pr,1) and let F be the corre-

. . .. .G . MF . .
sponding function in 1ndM#A1N1(1ndMi#ﬂP(U,O,1),pL|a1,1), If P = MAN is a
manimal parabolic subgroup of G, then for each anr, € A, , we have

. M —
lim a’])wl1 a* P S f(kan ar)
a1 —00,P;

=>4 /N A (0 (an, ) E (kprin) (), 60() o oary dn (0~

With the notation of sections 5 and 6, we have

Proposition 6.4. For each iy € Ny, let P (anry, i, F(kpni)(.)) be the lead-
ing term in the analytic expansion of (s o(an ) F(kpni)(.), 1/’1'(')>L2(K0Mf)' Then,
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when real rank G = real rank L, we have
(6.13)

lim | lim  afra PESf(kan, ar)
aMl—N)o,PﬁMi‘7E ay1—o0,P; 1

- Z{~/N (I)Pme(aMuwivF(kpﬁl)('))dﬁl}T(p_l)(bin =0.

Proof. The convergence of the integrals in (6.13) follows from well known results
on the asymptotic behavior of the leading terms &, Mf('v .,.). The estimate in

[W-2, Lemma 12.3.2 (1)], followed by an argument similar to the one in [W-1, 4.5.6]
shows that such integrals are bounded above by

/ e RO (4 (7)) g,
N-

which converges by [HC-1, Corollary of Lemma 32.2]. By Lemma 6.2 and linearity
of Pt (any, i, v) on Vit follows that (6.13) is bounded above by

(6.14)
lim / e—Pr—p1H1(N1)
aMl—N)o,PﬁMf&; N1

X lafyyt (o0 (@t pa (i) ™)) F (kpr (7)) () () 2 (ennty
- (I)Pme (aM1 ) 1/%‘7 7TU70(/1'1(77L1)_1)F(kpﬁ(ﬁl))Hdﬁl'
By [W-2, Lemma 12.3.2 (3)], the integrand in (6.14) is dominated by
(6.15) e Pe P (1 4 log pun (An) ™) 2, (1 (M),

We proceed as in the first part of the proof to show that (6.15) belongs to L!(Ny).
Thus, we can interchange limit and integration. Now the proposition follows from
Prop. 5.1 (2). O

Let € > 0, and consider the principal series representation
ind%#AN(ov PL +€pmy, 1)'

For f. € ind$ 4 an (0, pr + €par, ;1) let

. . MY
Fe € lndﬁfAlNl (lndM}mP(O', 6pM171)7pL|a17 1) be Fe(x)(m) = fe(xm)

Define H. by

H (z)(m) = /KﬂM# T;(ml)FE(;v)(mml)dml

D TP AC O RTAS Spps
Define
S fe(x) = /K Ty (k) fe(xk)dE,

81)€H6(;v)(m):/ Ty (k) He (k) (m)dk.

K
We can show as in Remark 4.5 that S fe(z) = Sy cHe(x)(1). S¢ is a deformation of
the Szeg6 map S in that Sy = S.
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Definition 6.5. For a fixed x € G, define the normalized boundary value of
H(z)(.) to be

[Bas, He ()] (m)
= 27_1(]3 N Ml#ﬂ PN Ml#v g, i€pM1)q)pme,1(¢jv7T07iéle (m_l)FE(;U)())
J

with @y 1(,.) asin 85 (5.4).
By Proposition 5.2 we have
B, [He(2)](1)

- 7};;%# Z<A(P NMP, PnMY, o iepar, ) Fe(x)(1), ¢i)vedi

3

=yt AP M, PO MY o,iepas ) Fe(x)(1),
1

Definition 6.6. Define the boundary value of S, fe by means of
B[Scfel(k) = B, | limp a,fl_pLU(U}O)SEfe(kai\/hpal)]'
a1 —00,17

By Proposition 5.2 and [W-2, page 191] we have

B[Scfel(k) = ’Y;%M# o(wo)Ap, (W0, Toicprr,  PLIar)

o A(PNMF, PN MY, 0 icpn,)F.(k)(1)
= o(wo)Ap(wo, 0, pr + iepn, ) fe (k).

Definition 6.7. For f € ind§,4.x (0, pr,1), we define the normalized boundary
value of Sf to be

B[Sf](k) = lim B[S, fe](F)

ThuS, B[Sf](k) = U(wO)AP('UJ(), g, PL)f(k)
Remark 6.8. The limit

lim lim aﬁxl
e—0 any —)OO,POM#
x {y" Y PNM}, PNMF, o0,icpn,) . lig - af* P o (wo)S. fo(kan, pay )}
1 s 471
exists and can be given explicitly in terms of intertwining operators by using Propo-
sition 5.3 in §5.

7. BOUNDARY VALUES OF SZEGO INTEGRALS:
THE DIFFERENT REAL RANK CASE

In this section we drop the assumption real rank G = real rank L. In the spirit
of §6, we consider
7.1 li PL=PeSf(kay).
(7.1) L 6l f(kas)
Since the cuspidal parabolic subgroup P is not a minimal parabolic subgroup of
G, in order to make sense of the limit (7.1) we restrict our attention to K-finite
elements in Image S.
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The domain of the Szegd map consists of smooth vectors in

indf4#AN (D(wv )‘) ® £A+25(uﬂp)7 PL; 1)

where D(, \) ® Exyas(unp) 1s the M #_discrete series representation constructed in
§2. As indicated in §2, we identify the representation D(), \) ® £ with the repre-
sentation of M# acting on a subspace J 4 of the kernel of Schmid’s differential
operator Dy .

Let wo = TSca, € W(G, A) and let p € K be a representative. The intertwining
map

[T (wo) f(m) = Py[r(p~") f(m)],

where P, denotes the projection from V, to f/X, exhibits the representations of M#
acting on C*°(M# /(K N M#),V,) and COO(M#/p(KﬂM#) ,VP(KQM#)pq) as
equivalent.

Remark 7.1. Let f be a vector in C®(G, [(D(x), ) @ £], pr,1). For each element
ke K, f(k)(.) is a smooth section of the vector bundle

M#* X ypng Vi — M# ) (M# N K).

Moreover, f(k)(m) as a function of m lies in a subspace J,, of the kernel of the
Schmid’s operator Dy .

If we assume that f is a K-finite vector in C*®(G, [(D(¥, ) ® x],pL,1), then
f(k)(.) € {M# n K-finite vectors in J,}. (See, [W-1, 5.2].) It follows from work
of Hotta-Parthasarathy [HP], Schmid [S], Knapp-Wallach [KW], that M# N K-finite
vectors in J3, are square integrable.

Let | € K and let v1,... 9,4 be a basis for span {R(M# N K)L(M# N K)f}.
(Here, R and L denote right and left translation respectively.) Now, if mq,mg €
M#N K and a* € A*, then

f()(mia*ma) Zh (ma, m2)tpj(a”)

with k(1) € O=((M#NK) x (M#NK),V,). Thus, there exists a constant C' such
that

[f () (miam)| < C Y |9y(ar)

for all | € K,my,ms € (M# NK) and a* € A% . Our previous observations imply
that the smooth (M# N K)-finite functions 1; are so that X1); are square integrable
for all X € U(m). The asymptotic behavior of such functions is well understood.
See for example [W-1, 5A 3.4]. We use the results in [W-1, 5A 3.4] and well known
properties of the zonal spherical function Zp; of M to conclude that f(I)(m) is
bounded above by Z;(m).

Remark 7.2. Let wy = mSeq; € W(G, A) and let p € K be a representative. Then
Sf(kmay) = 7(p)Sf(kpmial'), with m; =p 'mp.

The observations in Remarks 7.1 and 7.2 combined with an argument similar to
the one used in Lemma 6.2 allow us to prove
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Proposition 7.3. If py, is in the open positive restricted Weyl chamber and f is a
K -finite vector of C(G, [D(¢, ) ® x],pr,1), then

(8.3)
lim a?¢ P P, Sf(kmay) = [T(wo)Ap(wo, pr,D(1h, A) ® &) f(k)](p~ ' mp)

a4 —o0,P
for each m € M#. The limit (6.9) converges pointwise and uniformly for k € K.

As in §6 we can reinterpret the boundary value map as a (now infinitesimal)
pointwise embedding of Image S in the principal series ind% an(o,—pr,1) (pro-
vided py, is strictly dominant). Once again, the diagram of (g, K)-equivariant maps
indI\G/[AN (Uv PL, 1) Lleo)Ar (wo.0.pL) indI\G/[AN (wOUv —PL, 1)

N\ v
Im(S) Cc C*(G/K,V,)

commutes. Let (Im(S))x and Im(B)k denote the space of K-finite vectors in
Image S and Image B respectively. Since the representations involved are finitely
generated admissible modules, then the operator B extends to a continuous G-
equivariant map from (Im(S))x to the closure (Im(B)) k.

The analysis in Proposition 7.3 runs into difficulties when py, is dominant singu-
lar. As in §6, we first associate to each K-finite function

femd§uan@W,N) @&, pr,1)
a K-finite function
M#
Feindfy, v (ndy! o (D, 2) ©€,0,1),prla;, 1)

so that
S1@) =SiF(@) = [ TPk 1) )dk,
K
Next, for each € G,m € M#, we set

Sf(x)(m) = / () f (k) (m)] k.

K
Sf(.)(.) is an “extension ” of the Szegd map in that Sf(z)(1) = Sf(z). For each
K N M#-finite vector ® in J. A’}#, we consider the inner product

(SF()(), @()) L2 (a#)-
Remark 7.4. If ¥ is the function defined by means of
(k) (ma ) (m) = / (1) "y (k) R )l
M#NK

for (k,m1,m) € (K x (KN M) x M#) then it is easy to check that ¥ gives rise

M#
ind !

to a K-finite vector in mdM#A Nl( o M#( (¥, A) ®&,0,1)pLlay, 1). Moreover,

(SF@) (), () 12 (ar) = / /K @) ) (). W OR) ) )z oo

= (U(P1, 700, prla,) (@™ 1) F, W)
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Proposition 7.5. We maintain the above assumptions and notation. Let f be a
K -finite function in ind$ 4 ,n (D, \) @ &, pr,1) and let ® be a K N M#-finite
vector in jj}#. Fiz ap, € A?\_/[l and let a1 € Af. Then,
im ai* " (Sf(kanr,a1)(.), @()) L2 (m#)
(8.7) a0,y .
= <A(P17P1a7ro,0a PL|a1)F(kaM1p)v \Ij(p)>

Proof. This is immediate from Remark 7.4 and a result of Langlands. (See for
example [K-2, pg.199] or [W-1, 5.3.4].) O

Proposition 7.6. For eachny € Ny, let P (ary, @, F(kpni)(.)) be the leading
term in the asymptotic expansion of (msoF (kpni)(.), ®(.)). Then

. . P —
e 0 a0 (S (R ), @)
My ’ 1 ’

[ @pnagp s o), ) | = 0
Ny

Proof. Similar to Proposition 6.4 O

Let € > 0, and consider the principal series representation
ind s 45 (D(T, A) ® X, pr. + €pnay 5 1)
If f € indSrs 4y (D(W,\) ® X, pr. + €pary, 1), then define

. MY
F. e lnd]?/[fAlNl (lndM}% (]D)(qjv )\) & X, €EPM; » 1)7 PL|a17 1)

by Fe(z)(m) = fe(zm).
For each K N M#-finite vector ® in 73, we have
(Sefe(®)(), (I)(~)>L2(M#)
= <U(P1’ TD(Y X)) ®X,i€0n; ? pL|01)($_1)F€(')7 \IJ()>L2(M#)

Here ® and VU are as in Remark 7.4.
In what follows we assume that the f. transform according to a representation
of K (on the left).

NP

Definition 7.7. For a fixed * € G, define the normalized boundary value of
Fe(x)(.) by

B, Fe(w)(ma)(.)

= @ Ay Tl @icons, (M1 ) Fe(@)(1))
J

X ")/_1(?ﬂ Ml#a PN Ml#aD(\Ila A) ® X?Zépr)wJ(l)()

with w; ranging over an orthonormal basis of the subspace of
. MF .
lndeth(D(\I/a A) & X5 LEP M 1)

#
containing all images in ind%;mp(ﬂ)(\ﬂ, A) ® X, i€par, , 1) of members of the induced
1

space transforming according to the given K-type.
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Then, by Proposition 5.2 we have
-1
Bar, (Fe(@)(1(m) =17, o

x Z<A(ﬁ N My, PO ML, D(P,N) @ X, depan ) Fe(2)(1), w5 (1)) 2 (arsyw; (1) (m).

Definition 7.8. Define the boundary value of S, f. by means of
BSSI1) = B[ 1 | (T(wo)Se(fo)(kaas par), o)z are o (D)
i 100,

Thus by Proposition 7.6 and [W-2, page 191] the above is

-1
’YPOM# x Z 7T]D(XJXJ'EPM (p)Ap(wo, TDRx,iepr, pLlar)

o A(PN Mi#v PNM{, DY, N @ Xo iepay ) fe(kp) (1), wi (1) () pzarzywi (1)()
Z (D@ x(p)Ap(wo, D(¥, \) @ X, pr. + depar, ) fe(k) (), wi (1) () L2 (arwyw; (1)()-

Definition 7.9. If f € ind$ 4 ,n(D(¥,\) ® x,pr,1) transforms according to a
representation of K on the left, then define the normalized boundary value of S f
to be

BISS)(k) = lim BIS.£.)(b)
Thus,
B[S f](k)(m)
—Z (T, ) @ x(p)Ap(wo, (¥, A) @ X, pr) f(K)(-),w;i (1) () L2 (ar#yw; (1) (m).
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